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Singularity at t = 0

Now one can prove that if

∇x ,ξH(x̄ , p̄) 6= 0 (55)

and Q is an operator with symbol supported in small vicinity of
(x̄ , p̄) then

Tr Qe ih−1tH = O(hs) (56)

as T0 = Csh| log h| ≤ |t| ≤ ε.
Really, let ∂p1H 6= 0. For |t| < ε shift of x1 for time t is
� |t|.Taking scale T with respect to x1 and � 1 with respect
to (x2, . . . , xd ; p1, . . . , pd) one can see that this shift is
observable as |t| × 1 ≥ Csh| log h|.
With rescaling one can prove that

Tr tsQe ih−1tH = O(hs−d) (57)
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Actually logarithmic uncertainty principle requires a kind of
analiticity of symbols, but if h| log h| is replaced by h1−δ

analyticity is not needed.

After (56) or (57) is proven with Q = 1 one can calculate u for
|t| ≤ T = h1/2+δ by method of successive approximations (as
in part I). Since T > T0 then we know Tr Qe ih−1tH as
|t| ≤ T1 = ε.
This allows us to prove asymptotics with Weyl main part

(2πh)−d

∫
H(x ,p)<τ

dx dp (58)

and remainder estimate O(h1−d) if {H = τ} contains no
critical points.
Using rescaling one can allow non-degenerate critical points.
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Long Trajectories and Extra-Sharp
Asymptotics

To get better remainder estimate one should additionally prove
that (56) holds for T0 ≤ |t| ≤ T1 with some large T1 and with
Q which equals 1 with the exception of the set of small
dx dp : dH measure on {H = p}.

One can make it under condition “measure of all periodic
trajectories equals 0”; for manifolds with boundary and
Schrödinger operator one should replace trajectories by billiards.
Under quantative version of this condition one can get
remainder estimate O(h1−d/| log h|) or even O(h1−d+δ) with
δ > 0.
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Periodic Trajectories - Friend or Foe?

One could think that the only role of periodic trajectories is to
prevent us from getting better remainder estimates.

However
periodic trajectories can become our best friend, improving
remainder estimate (often modification of the main part is
needed). The reason: if all trajectories are periodic then we can
take T1 very large which does not necessarily help.
I remind (modified for semiclassic case) Tauberian formula

|Nh(λ)− h−1

∫ λ

−∞
Ft→h−1τ

(
χ̄T (t)σ(t)

)
dτ | ≤ CT−1M (59)

with
M = MT = C |Ft→h−1λ

(
χ̄T (t)σ(t)

)
| (60)
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Here MT depends on T ; it can happen that MT � Ch1−dT for
T ≥ ε and there is no point to boost T .

Examle: H = H0 with

e ih−1TH0 = I . (61)

In this case we cannot get better remainder estimate because
of high multiplicity of eigenvalues of H, separated by gaps of
� h widths.
How quantum periodicity (61) is related to classical periodicity
of trajectories? Assume that all trajectories are periodic. Then
period depends only on energy level H(x , p) = E : T = T (E )
(but relatively small number of subperiodic trajectories is

possible). Replacing H by f (H) with f (λ) =
∫ λ

T (τ)−1 dτ one
gets that all trajectories are 1-periodic.



Everything
Started

from Weyl

Victor Ivrii

Spectral
Asymptotics

Main
Singularity

Extra-Sharp
Asymptotics

Periodic
Trajecto-
ries

Periodic
Orbits - FoF?

Loops

2D Magnetic
Schrödinger

Here MT depends on T ; it can happen that MT � Ch1−dT for
T ≥ ε and there is no point to boost T .
Examle: H = H0 with

e ih−1TH0 = I . (61)

In this case we cannot get better remainder estimate because
of high multiplicity of eigenvalues of H, separated by gaps of
� h widths.

How quantum periodicity (61) is related to classical periodicity
of trajectories? Assume that all trajectories are periodic. Then
period depends only on energy level H(x , p) = E : T = T (E )
(but relatively small number of subperiodic trajectories is

possible). Replacing H by f (H) with f (λ) =
∫ λ

T (τ)−1 dτ one
gets that all trajectories are 1-periodic.



Everything
Started

from Weyl

Victor Ivrii

Spectral
Asymptotics

Main
Singularity

Extra-Sharp
Asymptotics

Periodic
Trajecto-
ries

Periodic
Orbits - FoF?

Loops

2D Magnetic
Schrödinger

Here MT depends on T ; it can happen that MT � Ch1−dT for
T ≥ ε and there is no point to boost T .
Examle: H = H0 with

e ih−1TH0 = I . (61)

In this case we cannot get better remainder estimate because
of high multiplicity of eigenvalues of H, separated by gaps of
� h widths.
How quantum periodicity (61) is related to classical periodicity
of trajectories?

Assume that all trajectories are periodic. Then
period depends only on energy level H(x , p) = E : T = T (E )
(but relatively small number of subperiodic trajectories is

possible). Replacing H by f (H) with f (λ) =
∫ λ

T (τ)−1 dτ one
gets that all trajectories are 1-periodic.



Everything
Started

from Weyl

Victor Ivrii

Spectral
Asymptotics

Main
Singularity

Extra-Sharp
Asymptotics

Periodic
Trajecto-
ries

Periodic
Orbits - FoF?

Loops

2D Magnetic
Schrödinger

Here MT depends on T ; it can happen that MT � Ch1−dT for
T ≥ ε and there is no point to boost T .
Examle: H = H0 with

e ih−1TH0 = I . (61)

In this case we cannot get better remainder estimate because
of high multiplicity of eigenvalues of H, separated by gaps of
� h widths.
How quantum periodicity (61) is related to classical periodicity
of trajectories? Assume that all trajectories are periodic. Then
period depends only on energy level H(x , p) = E : T = T (E )
(but relatively small number of subperiodic trajectories is

possible).

Replacing H by f (H) with f (λ) =
∫ λ

T (τ)−1 dτ one
gets that all trajectories are 1-periodic.



Everything
Started

from Weyl

Victor Ivrii

Spectral
Asymptotics

Main
Singularity

Extra-Sharp
Asymptotics

Periodic
Trajecto-
ries

Periodic
Orbits - FoF?

Loops

2D Magnetic
Schrödinger

Here MT depends on T ; it can happen that MT � Ch1−dT for
T ≥ ε and there is no point to boost T .
Examle: H = H0 with

e ih−1TH0 = I . (61)

In this case we cannot get better remainder estimate because
of high multiplicity of eigenvalues of H, separated by gaps of
� h widths.
How quantum periodicity (61) is related to classical periodicity
of trajectories? Assume that all trajectories are periodic. Then
period depends only on energy level H(x , p) = E : T = T (E )
(but relatively small number of subperiodic trajectories is

possible). Replacing H by f (H) with f (λ) =
∫ λ

T (τ)−1 dτ one
gets that all trajectories are 1-periodic.



Everything
Started

from Weyl

Victor Ivrii

Spectral
Asymptotics

Main
Singularity

Extra-Sharp
Asymptotics

Periodic
Trajecto-
ries

Periodic
Orbits - FoF?

Loops

2D Magnetic
Schrödinger

Then
e ih−1H = e iK (62)

with PDO K = O(1) commuting with H.

Symbol of K is
actually defined on factor of the phase-space over actions of
trajectories.
Then H0 = H − hK satisfies (61).
However I am interested not in H0 but in its perturbation
H = H0 + ηK (if magnitude of K in (62) could be ηh−1 � 1 I
replace K by ηh−1K with new K of magnitude 1).
In this case degenerate eigenvalues of H0 break into eigenvalue
clusters of the widths � η of H and I want to study distribution
of these eigenvalues inside clusters.
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Then we can trace trajectories (both quantum and classical) to
time T1 � η−1.

Further under condition

∇K 6≡ 0 mod ∇H as H = λ (63)

periodicity of classical trajectories is broken after first period
but quantum periodicity is more complicated: to observe that
it is broken one needs to have the shift quantum observable:
Tη ≥ Ch| log h| or

T ≥ T0 = Chη−1| log h| (64)

and � T0 number of turns matters.
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So instead of individual trajectories we consider their beams
satisfying logarithmic uncertainty principle.

Figure: Classical and Semiclassical

We see that classical trajectory is not periodic but cannot say
this about semiclassical beam

until much larger time
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As the result MT � h1−dT ∗0 as T ∗0 = Chη−1 ≤ T ≤ T1 = εη−1

and the extremely sharp remainder estimate
O(MTT−1

1 ) = O(h2−d) is proven.

Condition (63) is impossible to satisfy globally but one can get
the same result with non-degenerate “critical” points.
The main part of asymptotics contains not only Weyl term
(which is the contribution of t = 0) but contribution of turns
which matter: this correction term h1−dΥ(λη−1) is O(h1−d)
but it oscillation on the interval of the length � η could be also
of magnitude h1−d while oscillation of the Weyl term there is
� ηh−d .
One can consider also η ∈ [h, 1] and prove remainder estimate
O(ηh1−d); as η ≥ Ch| log h| correction term disappears.
Related topic: Laplacian + potential on sphere.
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Loops

If we are studying asymptotics of e(x , x , τ) rather than of
N(τ) =

∫
e(x , x , τ) dx (I remind that e(x , y , τ) is the Schwartz

kernl of E (τ))

in addition to periodic orbits one should consider
loops:

Φt(x , p) = (x , p′), p 6= p′. (65)

Example: near boundary there are very short loops: (x , p) such
that for some t Φt/2(x , p) = (y , ν(y)) with y ∈ ∂X and ν(y)
normal to ∂X .
In this case short loops form d-dimensional submanifold.
For Laplacian remainder estimate is O(λ(d−1)/2 but the
principal part contains not only Weyl part but a boundary layer
type correction term λd/2κ(x)Υ(λ1/2 dist(x , ∂X )) with
Υ(s) = O(s−(d+1)/2) as t → +∞.
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2D Magnetic Schrödinger

Let us consider 2D Magnetic Schrödinger with the Euclidean
metrics and constant magnetic intensity F :

H = P2
1 + P2

2 − V , Pj = hDj − µAj , (66)

F = ∂1A2 − ∂2A1 = const. (67)

with h� 1, µ� 1.

Assume that F > 0 (otherwise change
orientation). If X = R2, V = 0 then spectrum of H is pure
point of infinite multiplicity:

Spec H = {(2p + 1)µhF , p = 0, 1, . . . }; (68)

(2p + 1)µhF are called Landau levels.



Everything
Started

from Weyl

Victor Ivrii

Spectral
Asymptotics

Main
Singularity

Extra-Sharp
Asymptotics

Periodic
Trajecto-
ries

Periodic
Orbits - FoF?

Loops

2D Magnetic
Schrödinger

2D Magnetic Schrödinger

Let us consider 2D Magnetic Schrödinger with the Euclidean
metrics and constant magnetic intensity F :

H = P2
1 + P2

2 − V , Pj = hDj − µAj , (66)

F = ∂1A2 − ∂2A1 = const. (67)

with h� 1, µ� 1. Assume that F > 0 (otherwise change
orientation).

If X = R2, V = 0 then spectrum of H is pure
point of infinite multiplicity:

Spec H = {(2p + 1)µhF , p = 0, 1, . . . }; (68)

(2p + 1)µhF are called Landau levels.



Everything
Started

from Weyl

Victor Ivrii

Spectral
Asymptotics

Main
Singularity

Extra-Sharp
Asymptotics

Periodic
Trajecto-
ries

Periodic
Orbits - FoF?

Loops

2D Magnetic
Schrödinger

2D Magnetic Schrödinger

Let us consider 2D Magnetic Schrödinger with the Euclidean
metrics and constant magnetic intensity F :

H = P2
1 + P2

2 − V , Pj = hDj − µAj , (66)

F = ∂1A2 − ∂2A1 = const. (67)

with h� 1, µ� 1. Assume that F > 0 (otherwise change
orientation). If X = R2, V = 0 then spectrum of H is pure
point of infinite multiplicity:

Spec H = {(2p + 1)µhF , p = 0, 1, . . . }; (68)

(2p + 1)µhF are called Landau levels.



Everything
Started

from Weyl

Victor Ivrii

Spectral
Asymptotics

Main
Singularity

Extra-Sharp
Asymptotics

Periodic
Trajecto-
ries

Periodic
Orbits - FoF?

Loops

2D Magnetic
Schrödinger

Further,

e(x , x , λ) = EMW = (2π)−1
∑
p≥0

θ
(
V − (2p + 1)µhF

)
µh−1F

(69)
with Heaviside function θ.

Condsider more general case: then
one should assume that µh ≤ C (otherwise one can prove that
spectrum of F will be above inf(−V + µhF ) and by rescaling
x 7→ xµ, h 7→ hµ one can prove easily Weyl asymptotics with
the remainder estimate O(µh−1).
Can we improve this remainder estimate?
Not in the general case.
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Considser now classical dynamics. As V = 0 classical
trajectories will be magnetic cyclotrons i.e. circles of radius
r = (µF )−1E 1/2.

So classical movement will be periodic with
the small period 2π(µF )−1.
Including variable V (i.e. electric field) changes situation
drastically: in addition to the fast cyclotron movement appears
slow drift movement: it’s velocity is (µF )−1∇V⊥ where ⊥

means counterclockwise rotation by π/2. So drift is
perpendicular to electric field.

Figure: Cycloid
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Therefore periodicity is broken and suddenly T1 � µ−1 jumps
to T1 � µ because for this time we can follow trajectory,

pushing remainder estimate to O(µ−1h−1):∫ (
e(x , x , λ)− EMW

)
ψ(x) dx = O(µ−1h−1). (70)

Non-degenerate critical points of V do not break it.
3D-theory is complitely different since classical trajectories are
helices rather than circles.
2D theory with variable degenerating magnetic field is more
complicated and exciting, and 4D theory is even more
complicated.
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Therefore periodicity is broken and suddenly T1 � µ−1 jumps
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